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ABSTRACT 

We study the vacuum polarization of supersymmetric toroidal D-brane 
placed in the constant electromagnetic field. Explicit calculation of the one- 
loop effective potential is performed for membrane with constant magnetic 
or electric background. We find the one-loop potentials vanish as the effect 
of supersymmetry, 
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D-brane theory [I], |2], [| may be considered as one of the most essential 
ingredients in the study of D = 11 M-theory j|] which plays the role of 
new theory of everything. Therefore, recently there was much interest in 
the investigation of D-branes || and their supersymmetric generalizations 

10,1- ' 

In the attempts to understand quantum properties of such objects, the 
vacuum polarization effects may be quite important. 

Towards this purpose, the vacuum energy (or effective potential) for 
bosonic p-branes on the toroidal or spherical background has been calculated 
[ PH , PP . (Such study has been extended for toroidal D-brane on constant 
electromagnetic field in ref. ||12||). It is known that the toroidal background in 



D — 11 supermembrane || is supersymmetric one and the vacuum energy is 
zero. 

If the supersymmetric toroidal D-branes is placed in the constant electo- 
magnetic background, however, the situation might be different and the vac- 
uum energy could not vanish because not for all supersymmetric backgrounds 
effective potential is zero. Note that all supersymmetries are conserved on 
such background, cf . Jl4| . 



The purpose of the present letter is to explicitly study the effective poten- 
tial for supersymmetric toroidal D-brane || in the constant electromagnetic 
background. We will find that the vacuum energy vanishes as in the usual 
toroidal D-brane. 

The supersymmetric D-brane is described by the following Dirac-Born- 
Infeld-type action (see Refs.|| |7], 

Sn = k£ d( J d P Ce-* {x) [det (G MN d i Z M d j Z N + F tJ )} 1 + S wz . (1) 

Here £ l 's are the coordinates on the D-brane world sheet — 0, 1, - • • ,p), 
Fij is the electromagnetic field strength on the D-brane world sheet: 

Fij = diAj - djAi , (2) 

and Z M are the superspace coordinates of D-brane 

{z M } = (x^e a ) (3) 

(fx, v — 0, 1, • • • , 9, a = 1, 2, ■ • • , 32). 9 is a Majorana-Weyl (16 independent 
components) spinor in case of heterotic string, Majorana spinor in case of 
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type IIA superstring and two kinds of Majorana-Weyl (totally 32 compo- 
nents) spinors in case of type IIB superstring. The 4>(X) is dilaton field and 
Swz is Wess-Zumino like term containing anti-symmetric tensor fields. 

We now consider the case when the action is given by (without WZ term 
which is not essential in our context) 

S D = k J* dC J dP(e~^ [det ((G^ + i^) n f n ; + F^j] 1 . (4) 
Gp, v is the metric of the space-time, B^ v is the anti-symmetric tensor and 

nf = diX" - lOY^diO , (5) 

where = e^7 a (e£ is the vielbein field and 7 a 's denote 7 matrices in 10 
dimensions). For simplicity, we assume G^ and B^ v are constant. The action 
is invariant under the global super-Poincare transformation: 

59 = e (6) 

The correspondent transformations for vector and tensor fields are not writ- 
ten explicitly. The system also has local reparametrization invariance with 
respect to £ and ^-symmetry, the latter is a fermionic symmetry given by 

89=(1+T)k. (7) 

Here k is a spinor parameter and T is a matrix which satisfies 

trT = , T 2 = 1 . (8) 

Note that correspondent transformations for bosonic components and vec- 
tors are not written explicitly. The reparametrization invariance is fixed by 
choosing the gauge condition 

X l = R,C CRo=l) 2 = 0,1, p. (9) 

The k symmetry is also fixed by choosing 

T9 = -9 . (10) 
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Note that in the above gauge, there appear no Faddeev-Popov ghosts. 

We are now interesting in the stability of D-brane when Fij (or B^) has 
nontrivial vacuum expectation value and study the effective potential, which 
is defined by 

V= - lim -In / -e~ SD . (11) 

T^ooT J V A 

Here Va is the gauge volume for the gauge field A4 and 

X ± = (X p+ \X p+2 ,---,X 9 ) . (12) 

The integration in Eq.flTTD with respect to 6 should be understood to be 
integrated over the 9 a space restricted by fllPP . We now also impose the 
periodic boundary conditions corresponding to the toroidal D-brane 

x m ((°, C\ C 2 , • ■ ■ , O = x m ((° + t, c 1 , C 2 , ■ • • , C p ) 

= x m (c°, c 1 + 1, c 2 , • ■ ■ , cn = x m (c°, c 1 , c 2 + 1, ■ • • , c p ) 

= --- = x m (c°,C\CV--,C p + i) 

(m = p + l,p + 2,--.,9) , 

^ Q (C°, C\ C 2 , ■ • • , C p ) = o a ((° + T, c 1 , c 2 , ■ • • , C p ) 

= e a (c°, c 1 + 1, c 2 , • • • , C p ) = o a (C°, C\ C 2 + 1, • • • , o 

= --- = r(c°,c 1 ,C 2 ,---,C p + i) , (13) 

(a = 1, 2, • ■ ■ , 16 for Type IIA, IIB superstring, 8 for heterotic string 
For simplicity, we only consider here the Type IIA and IIB superstrings with 
= 

B mn = B im = B mi = , (i = 0, 1, • • ■ ,p; m, n = p + 1, • • ■ , 9$14) 



and assume that anti-symmetric tensor fields in Swz vanish. We also divide 
the anti-symmetric part Tij in G{j into the sum of the classical part T% and 

Tii = J% + FZ , (15) 



the quantum fluctuation F- 1 ■ 



In the following, we write B? 5« + J 7 ^ as Gij and as F,, 
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Then expanding the action up to the quadratic terms with respect to 
quantum fields, we obtain 

S 2 = £ d( (det + J d P C l-G^diX 1 ■ djX 1 - ^dr 1 )^!^ 



Here 



{-\{G- l y\G- 1 f + \{G~ 1 r{G- l ) lk )F %J F kl 



1 



G Sij = - ((CT 1 )" + (CT 1 )*) . 



(16) 



(17) 



is defined with the inverse matrix (G^ 1 )^ of Cry . Since the contribution to the 
one-loop effective potential from the X 1 - and the gauge fields was calculated 
T2|l , we now consider the contribution Vg from 9, which may be found as 



m 



follows: 



Vo 



--Tr HG-'fr^ 
-iTrlnUG- 1 )^) 2 



-±Trhig ik {G- l f{G- x ) kl dA 



Here we have used 



{TiJj} = 2 gij 

9ij R% ®ij ■ 

Then if we define the following matrices 

G e j = guiG^fiG-'fi 



G 



a/3 



Lr/j — 



Oa AO/3 



a 



00 



we find 



(18) 



(19) 



(20) 



4tt 2 Gg P n a np 

o,/3=l 



(21) 



ni,n2,---,rip=-co 

In the following, we consider some examples for the choice of electromag- 
netic background. 
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First we consider the membrane (p = 2) with the magnetic background 
*& = 0, T{ 2 = -T c 2X = h (22) 



and assume 
Then we obtain 



and we find 



R 1 = R 2 = R . (23) 



G = det Gy = R A + h 2 (24) 
1 
(G~ x ) ij = | G- l R 2 -G- l h | . (25) 
G- l h G^R 2 



Ve = ^-^/ T (l,l). (26) 



Since the bosonic contribution is given by 

H = ^—^f T (l,l), (27) 

(i? 4 + /i 2 )5 v ; K J 

the quantum corrections in the one-loop potential cancel with each other 
and the total one-loop correction vanishes. Here we have used zeta-function 
regularization (see ref.[|l3|] for a review) and obtain 

OO 1 

/ T (1,1) = 27T £ (nj + nlY = -lA38--- . (28) 

ni ,ri2=— oo 

We also consider the one-loop effective potential of the membrane in the 
constant electric background where 

Fok = e , J-'ki = , R\ = R 2 = R . (29) 

Then we find 

G = det Gij = R 4 + 2e 2 R 2 (30) 
R A -eR 2 -eR 2 

eR 2 -e 2 R 2 + e 2 
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Then the contribution from 6 is given by 



V- A{R2 + e2)2 f (11 * ) (32) 
Ve - W2 h(l, 1, ■ (32) 

The contribution is exactly cancelled by the bosonic contribution found in 



ref.[p!2|. Here is defined by using of modified Bessel function K v 



as follows, 



/ T (l,l,s) = 2n [n\ + n\ + 2snin 2 



ni ,ri2=— oo 



4ttC(-1) - 



4A| g °Mcos(2snK) Ki{7rnA i h (33) 



n=l 

and 

A = 4 - 4s 2 , a s {n) = ^ d s . (34) 

d\n 

Hence, by direct calculation of one-loop effective potential for supersymmet- 
ric D-brane on supersymmetric electromagnetic background we showed that 
such effective potential is zero. It would be interesting to extend the results 
of our work for other electromagnetic backgrounds without supersymmetry. 
The stability of such backgrounds maybe studied using above results. 
Acknoweledgments. We would like to thank the referee of this paper for 
pointing out the mistake which completely changed the final result of our 
work. 
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